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ABSTRACT. We use piecewise polynomials to define tropical cocycles generalising the 
well-known notion of tropical Carrier divisors to higher codimensions. Groups of cocycles 
are tropical analogues of Chow cohomology groups. We also introduce an intersection 
product of cocycles with tropical cycles - the counterpart of the classical cap product - and 
prove that this gives rise to a Poincare duality in some cases. 



1. Introduction 

In [KP| the authors describe a method to assign a Minkowski weight in a complete fan 
A to a piecewise polynomial on A and therefore suggest to use piecewise polynomials in 
tropical geometry. If A is unimodular (i.e. corresponds to a smooth toric variety), their 
assignment is even an isomorphism. 



We show in the third section that the assignment of | KP | - which describes the canonical 
map from equivariant to ordinary Chow cohomology rings of the corresponding toric va- 
riety - agrees with the (inductive) intersection product of rational functions introduced in 



|AR1). This motivates us to use piecewise polynomials as local ingredients for tropical 
cocycles. It turns out that each piecewise polynomial on an arbitrary tropical fan is a sum 
of products of rational functions; this can be used to intersect cocycles with tropical cy- 
cles. One should note that, in contrast to the classical cap product, our intersection product 
is well-defined on the level of cycles - not only on classes modulo rational equivalence. 
We finish the section by deducing a Poincare duality on the cycle R" from the isomor- 
phism between the groups of piecewise polynomials and Minkowski weights on complete 
unimodular fans. 

In the fourth section we focus on matroid varieties and smooth tropical varieties (i.e. cycles 
which locally look like matroid varieties). Thereby we prove that each subcycle of a ma- 



troid variety (modulo lineality space) can be cut out by a cocycle (theorem 4. 1 1 and show 
a Poincare duality in codimension 1 and dimension for smooth varieties (corollary 4.9 1. 

A similar construction to piecewise polynomials on fans has recently been introduced in- 
dependently in [E|: Esterov defines tropical varieties with (degree k) polynomial weights 
and their (codimension 1) corner loci which are tropical varieties with (degree k — 1) poly- 
nomial weights. 

I would like to thank Andreas Gathmann and Johannes Rau for many helpful discussions. 
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2. Tropical cycles and rational functions 

In this section we briefly recall the notions of tropical cycles and rational functions as well 
as the intersection product of rational functions with tropical cycles introduced in |AR1| . 
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A pure-dimensional rational polyhedral complex in a real vector space V = A ®z R asso- 
ciated to a lattice A is a rational polyhedral complex all of whose maximal polyhedra have 
the same dimension. The set of k -dimensional polyhedra in the polyhedral complex A is 
denoted by A W. We say that the pure-dimensional rational polyhedral complex X in V is 
weighted if it is equipped with a weight function lox '■ X^ dlmX ^ — >• Z on its maximal poly- 
hedra. Each polyhedron a E X induces a linear subspace V„ of V generated by differences 
of vectors in a as well as a sublattice A CT := A fl V„. Recall that the notation a > t means 
that the polyhedron r is a proper face of the polyhedron er; if r is a codimension 1 face of 
a, then we denote the primitive normal vector of a relative to r by u„i r . A tropical poly- 
hedral complex X of dimension d in V is a weighted rational polyhedral complex of pure 
dimension d in V which satisfies the following balancing condition for each r E A*^ -1 - 1 : 



u x {a) ■ u a/T = e V/V T . 



A (tropical) cycle in V is the equivalence class modulo refinement of a tropical polyhedral 
complex. If A" is a representative of the tropical cycle A, then we call X a polyhedral 
structure of A; in this situation we also call X the cycle associated to X. The support \X\ 
of a tropical cycle X is the union of polyhedra of non-zero weight in a polyhedral structure 
of X. A cycle Y is a subcycle of X if \Y\ C \X\; the (additive) group of fc-dimensional 
subcycles of X is denoted by Z^{X). A fan cycle A is a cycle associated to a tropical fan 
(which is then called fan structure of X). The group of fc-dimensional fan subcycles of a 
fan cycle X is denoted Z[ an (A). The cycle X is irreducible if Zdi m x(A) = Z • A; it is 
locally irreducible if multiples of the balancing condition are the only linear relations of 
the primitive normal vectors u a / T . A morphism / : A — > Y of tropical cycles is a locally 
integer affine linear map |A| — > \Y\ on the supports. If the morphism / has an inverse 
which is a morphism, and u>x(&) — wy{f{a)) f° r all c G A and suitable polyhedral 



structures X, y of A, Y, then / is an isomorphism. We refer to | AR1 section 2, section 5] 
for more details about tropical cycles. 

A rational function on a cycle A is a piecewise affine linear function ip : \X\ R; 
that means there is a polyhedral structure X of X such that the restriction of <p to each 
polyhedron a E X is a sum ip\ a = ip a + a a of an integer linear form ip a E A^ and a real 
constant a a , A rational fan function on a fan cycle A is a rational function which is linear 
on the cones of some fan structure of A. 

Let <f be a rational function on the cycle A and let A" be a polyhedral structure of A such 
that ip is affine linear on every polyhedron of X. The weighted polyhedral complex cp ■ X 
is defined as the polyhedral complex X \ X^ dlraX ^ together with the weight function (on 
the codimension 1 polyhedra in A) 

u v -x(t) ■■= u x (o)-p a (v a i r )-p T \ ^2 u x{^) ■ v a / T J , 

aeX:a>T \aeX:<7>T / 

where the v a / T E V are representatives of the primitive normal vectors u a / T E V/V T . The 
associated cycle is denoted by <p ■ X E Zdi m x-i(A). If <p is an affine linear function, 
then <p ■ X = 0. As restrictions of rational functions are again rational functions one 
can define the intersection product of <p with a subcycle Y of A as p\ Y • Y. Note that 
intersections of rational fan functions with fan cycles are again fan cycles. More details 



about the intersection product with rational functions can be found in | AR1 section 3]. 



3. Piecewise polynomials and tropical cocycles 



In order to fix our notations we start this section by recalling the definition of a piecewise 
polynomial on a (not necessarily tropical) fan F. 
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Definition 3.1. Let a be a (rational) cone in the vector space V = A ®z K correspond- 
ing to a lattice A. We define P fe (cr) to be the set of functions g : a — > M that extend 
to a homogeneous polynomial of degree fc on the subspace V a having integer coefficients 
(that means g G Sym fc (A^) - the degree k part of the symmetric algebra Sym(A^)). A 
piecewise polynomial of degree A; on a (rational) fan F in V is a continuous function 
/ : \F\ — > K on the support of F such that the restriction /i CT G P (cr) for each cone 
a G F. The sum of two degree fc piecewise polynomials /, g on F is defined point- 
wise, i.e. (/ + g)(x) := f(x) + g{x). As the P fc (er) are additive groups, the sum / + g 
is again a piecewise polynomial on F. The (additive) group of piecewise polynomials 
of degree k on the fan F is denoted by PP k {F). Since products of homogeneous inte- 
ger polynomials are again homogeneous integer polynomials, the pointwise multiplica- 
tion of two piecewise polynomials / G PP k {F),g G PP'(F) is in PP k+L (F). We caU 
PP*(F) := © fceN PP fc (F) the graded ring of piecewise polynomials on F. Finally, we 
define LPP fc_1 (F) := ({I ■ f : I linear, / G PP k ^(F)}) to be the subgroup of PP k (F) 
generated by linear functions. 

Remark 3.2. Note that piecewise polynomials of degree 1 are the same as rational fan 
functions and that restrictions of piecewise polynomials to subfans are again piecewise 
polynomials (of the same degree). 

Notation 3.3. We denote by Zk(X) the group of fc-dimensional Minkowski weights in a 
tropical fan X (i.e. its elements are fc-dimensional tropical subfans of X). 

We are ready to state the above-mentioned result of Katz and Payne which was proved in 
chapter 1, proposition 1.2, theorem 1.4 of |KP|. 

Definition and Theorem 3.4. Let IS. be a complete unimodular (i.e. every cone is gener- 
ated by a part of a lattice basis) fan in W l . If . . . , v n } is a basis of IT 1 , we can regard 
the elements i;*, . . . , u* of its dual basis as integer linear functions on K™, that means 
v* G P 1 (K™). For two cones r < a G A^ n \ with a generated by v\ , . . . , v n , one can thus 
define e^ T := l\ vv .^ T ^ to be the inverse of the product H V .^ T V* G p n - dlm ( T ) (R™). 

Let f G PP fe (A). For a maximal cone u G A, / CT denotes the polynomial on R" which 
agrees with f on a. Then for any r G /SS n ~ k ^ 

ff£A(") :a>T 

is an integer. Furthermore, 

/•A:= I |J A« c/.J 

\i<n—k J 

is a tropical fan, and the assignment 

PP fc (A)/LPP fc - 1 (A)^Z„_ fe (A), f^f-A 

is an isomorphism of groups. The fan cycle associated to f ■ A is independent under 
refinement of A and is denoted by f ■ K™. 

Remark 3.5. All previous notions have counterparts in toric intersection theory: Groups 
of piecewise polynomials PP k (F) on any fan F are canonically isomorphic to equivariant 
Chow cohomology groups A k (X(F)) of the associated toric variety X(F) IP theorem 1]. 
For any complete n-dimensional fan A, the groups Z n -k(A) of Minkowski weights are 
canonically isomorphic to (ordinary) Chow cohomology groups A k (X(A)) of the com- 
plete toric variety A (A) [FS, theorem 2.1]. Katz and Payne showed in | |KP| theorem 1.4] 
that, under these identifications, the canonical map Aj(AT(A)) — > A k (X(A)) is given by 
intersections with piecewise polynomials / H> / • A. 
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Example 3.6. Let {ei, e 2 } be the standard basis of M 2 and let A be the complete fan with 
maximal cones (— e\, e\ + e 2 ), (— e 2 , e\ + e%) and (— ei, — e 2 ). We write x := e*, y := e 2 
and see that the dual bases are given by {y, y — x}, {x, x — y} and {— x, —y} respectively. 
Let / € PP 2 (A) be the piecewise polynomial shown in the picture. 




Then / • A is the origin with weight 



c/.a({0}) 



V 







-xy + yx 



1. 



y(y-x) x(x-y) (-x)(-y) xy(x - y) 

Note that / = (max{x, y, 0}) 2 = max{x, ?/} • max{x, y, 0} is a product of rational func- 
tions and that ma,x{x 7 y, 0} • max{i, y, 0} • A and max{x, y} ■ max{x, y, 0} • A (as product 
of rational functions with cycles defined in the previous section) give the origin with weight 
1 too. 

If a piecewise polynomial on a complete fan A is a product of rational (i.e. piecewise 
linear) functions tpi, then there are two ways of defining its intersection product with A: 
We can either intersect inductively with the rational functions ipi (cf. section 2) or use the 
formula of theorem 3.4 In the previous example both ways led to the same result. We 
show in the following proposition that this is true in general: 

Proposition 3.7. Let Abe a complete unimodular fan in K n , and let (p± , . . . , (p^ be ratio- 
nal functions on K" which are linear on every cone of A. Let f = tpi ■ ■ ■ iff. £ PP fe (A). 
Then f ■ M" = <pi • • • <fk • K™. where the products on the right hand side are products of 
rational functions with cycles (cf. section 2). 

In order to prove this proposition we need the following lemma. 

Lemma 3.8. Let ip be a rational fan function on a fan cycle X which is linear on the cones 
of the unimodular fan structure X of X. For a ray r of X with primitive integral vector v r , 
let ty r be the function which is linear on the cones of X, satisfies ^ r (v r ) = 1, and maps 
the primitive integral vectors of all other rays of X to 0. Then ip = X^r-eAM 1 ) V^r) ■ ^r- 

Proof. As ip and J^rexw wivr) ■ are both linear on the cones of X it suffices to com- 
pare their values on the primitive integral vectors of the rays of X where they agree by 
construction. □ 

Proof of proposition \3. 7\ Let r G A( n ~ k ) be an arbitrary codimension k cone in A. By 
adding an appropriate linear function I, we can assume that the restriction ip\\ T is identi- 
cally zero. This does not change /-R" since l-<pi ■ ■ ■ <Pk is in L PP fe_1 (A). In the following 
r, Ti denote rays of A with respective primitive integral vector v, Vi. If a < a are cones in 
the unimodular fan A, then a is the Minkowski sum of a and the dim(cr) — dim(a) rays 
of a which are not in a. We first assume that k = 1. The fact that <p\\ T = implies that 

W Vi .a(t) = <Pl( V )= —( ( Pl)r+r = C tpi . A (T), 

r:T+r£Al") r:r+r£A(") 

where the sums run over Minkowski sums t + r. Here the middle equality follows from 

| T = Oand (* r ) T+r = v*. 



lemma 3.8 and the facts that <p\ 
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Now we assume that fc > 1 and set g := ip2 ■ ■ ■ tfk- As ip\\ T = the definition of 
intersecting with a rational function implies that t has weight 

^i-w-aW = Y <*V 2 ...^. A (T + r) 

r:T+reA("- fc + 1 ) 

in ipi ■ ■ ■ ipk ■ A. By induction on the degree of / this is equal to 

Y c (<p 2 -<pk)-A(r + r) ■ ipt(v) 

Y Y e<r,r+r ■ g* ■ <Pl(v) 
r:r+reA(™- fc + 1 ) <r>r+r 

fc 

Y Y^ 1 ^^ ■ e °,T+n -9o 

.>r,,A<») i=1 

cr=r+ri+... + r fc 



cr=r+ri+... + r fc 



fc 



.>r,,A<") \ i = 1 

<y=T+r 1 +...+r k 



As in the induction start we use ipi | r = to conclude that the above agrees with 



ct>t in A(") 

a=r+r 1 + ...+r k 



□ 



Remark 3.9. There is an alternative way of deducing the fc > 1 case of proposition 3.7 from 
the fc = 1 case: As the canonical map A T (X (A)) — > A* (X(A)) is a ring homomorphism 
it follows from remark [331 that 

(v?i---Vfc)-A = (vJi-A)U...U(vJfc- A), 

where the cup products on the right hand side are computed using the fan displacement 
rule of [FS , proposition 3.1, theorem 3.2]. By |K, theorem 4.4] or [R, theorem 1.9] the cup 
product of Minkowski weights agrees with the intersection product of tropical cycles (cf. 



| AR1 definition 9.3]) which implies that the above is equal to (pi ■ ■ ■ (pk ■ A (interpreted as 



inductive intersection product with rational functions). 

So far K™ is the only fan cycle admitting an intersection product with piecewise polyno- 



mials (cf. theorem 3.4 1. Therefore, our next aim is to define an intersection product for 
arbitrary fan cycles. The idea is to write piecewise polynomials as sums of products of 
rational fan functions and use these representations to define an intersection product. We 
introduce some more notation: 

Notation 3.10. The group of piecewise polynomials of degree fc on a fan cycle X is 
defined to be PP k (X) :={/:/ g PP k (X) for some fan structure X of X}. We set 
LPpk-^X) := ({r / : Zlinear ,/ € PP fc_1 (X)}}. 

Notation 3.11. Let F be a unimodular fan and let v\,...,v m be the primitive integral 
vectors of the rays ri, . . . , r m of F. Then ty r . := e PP 1 ^) is the unique function 
which is linear on the cones of F and satisfies &i(vj) — Sij, where &y is the Kronecker 
delta function. For a cone r G F we have a piecewise polynomial ty T := Yii v er ^« e 
PP dimr (F). Note that * T vanishes away from U<j>r a - 
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As mentioned in |B|, one can show that the functions ty T generate the ring of piecewise 
polynomials: 

Proposition 3.12. Let f G PP k (F) be a piecewise polynomial of degree k on a unimod- 
ular fan F. Then there exists a representation f — ^2 a€F (<k) a, where the a a are 
homogeneous integer polynomials of degree k — dim(er) and the sum runs over all cones 
of F of dimension at most k. In particular, piecewise polynomials on tropical fan cycles 
are sums of products of rational functions. 

Proof. We use induction on the dimension of F, the case dimF = being obvious. We 
know by induction hypothesis that there are homogeneous integer polynomials a a such 
that f\\Fx\ = '}2 (jeF (<k) a-a^ a, where F\ := {a : a G withp < dimF}. Thus, 
it suffices to show the claim for g ■= f — c p(<') a a G PP k (F). Now we use 
induction on the number r of maximal cones in F. Let r = 1 and a be the unique maximal 
cone in F. By [B , section 1.2], we know that the following sequence is exact: 

-> V a P k - d[mF (F) ^ PP k {F) ^ PP k {F\ {a}) -> 0. 

Here p k ~ dimF (p^ denotes the group of homogeneous integer polynomials of degree k — 
dimf 1 on F. Since g\\F\{a}\ — 9\\Fi\ = 0, it follows that there is a polynomial a a such 
that g = a a ^ a . Now let r > 1 and a G F a maximal cone. By the induction hypothesis, 
there are polynomials b T such that .g||_F\{cr}| = X)-re.F\{er}(< fc ) ^t^t- Since the restriction 
of g — X)re_F\{o-}(<' t ) br'&T to F \ {a} is 0, the claim follows from the exactness of the 
above sequence. It remains to prove the "in particular" statement. Let /' G PP k (X) be 
a piecewise polynomial on a fan cycle X. We choose a a fan structure X of X such that 
/' G PP fc (A") and refine it to a unimodular fan structure X 1 (cf. Jf| section 2.6]). Now 
we apply the first part of the proposition to /' G PP k (X')\ as the ^ a are products of 
rational functions and the homogeneous integer polynomials a a are sums of products of 
linear functions, it follows that /' is a sum of products of rational functions. □ 

The previous proposition together with the well-known intersections with rational func- 
tions enable us to define an intersection product of piecewise polynomials with tropical fan 
cycles. Later we will use this to construct an intersection product of cocycles with arbitrary 
cycles. 

Definition 3.1 3. Let / G PP fc (X) be a piecewise polynomial on a fan cycled G Zf n (V). 



By proposition 3.12 we can choose rational functions tp* such that / = J2i=i fx " ' f% ^ 
PP k (X). This allows us to define the intersection of / with the cycle X to be 

f-x-.= J2('p\---'fii-x)ez^ k (x). 

i=l 

In fact, we can define the intersection of / with any fan subcycle of X in this way. 



We have seen in example 3.6 that representations of piecewise polynomials as sums of 
products of rational functions are not unique. Therefore, we need to ensure that the inter- 
section product does not depend on the chosen representation: 

Proposition 3.14. Let tp\, . . . , (p l k , 7J, . . . , 7?, with k < d be rational fan functions on a 
fan cycle X G Z^(V) such that f := <p[y. = PP\X). 

Then we have the following equation of intersection products of rational functions with 
cycles: 

iei jeJ 
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The proof of the proposition makes use of the following technical lemma: 

Lemma 3.15. Let c^...^ be real numbers such that + +b =k aj 1 • • • a b s s ■ c; )1 ...h s = 
for all ai > 0. Then all Cb 1 ...b s are 0. 

Proof. For ai £ {1, . . . , k + 1} and any a 2 , . . . , a s > we have 

k 

n \ ^ b! b. \ ^ fci \ ^ b 2 b, 

0= 2^ °1 a s C bl-b 3 = 2^ °1 a 2 2 ■■■a s s Cb 1 ...b 3 ■ 

b 1 +...+b 3 =k bi=0 6 2 + ...+fj s =fe — &i 

Since the Vandermonde matrix k+1 J=0 k is regular, it follows that 

E a 2 2 ' ' - a s Sc &i...b s = 

b 2 + -..+£> s =fc-bl 

for all <22, . . . , a s > and all £>i g {0, . . . , k}. Hence the claim follows by induction. □ 



Proof of proposition 3.14 We choose a unimodular fan structure X of X such that all 



¥>p,7j5 are linear on every cone of X. Let «i, . . . ,« m be the primitive integral vectors of 



the rays r%, . . . , r m of X. By lemma 3.8 ip l p = J2T=i Pp( v s) ' an d we have 

iGJ \s=l / \s=l / 



iGJ l<si<...<Sfc<m crtzSk 



l<si <. . .<Sfc <m crGSfc 



where the middle sums run over all permutations a e . The linearity and commutativity 
of intersecting with rational functions | |AR1| proposition 3.7] allow us to perform the same 
computation for the intersection product with X; thus we have 

iEJ l<si<...<Sfc<m 

Analogously we set fx ai ... Sh := £ CTeSfc EjeJ 7i ) ' "^(V)) and use the same 
argument for the 7^ to conclude that 

^\:v-.4-.v ^-;...-/.. v Y, (x sl ... Sk -p JSl ... Sk ) -* sl ---* ah -x. 

igj i£./ l<si <. . .<Sfc <m _ 

— :c 31 ... Sfc 

As • • • fy Wk ■ X = if the cone (w\, . . . , Wk) 4- % (this can be showed in the same 
way as ]A1| lemma 1.4]) the above is equal to 

X '•- • ••• ,| '- • V - 

{v sl ,...,v Sk )ex 

Note that the s,; are not necessarily pairwise disjoint; that means the sum runs over all 
cones in X of dimension at most k. It suffices to prove that all c Sl ... Sk occurring in the 
above sum are equal to 0: Therefore, we fix integers 1 < t\ < . . . < t% < m such that 
(vt 1 , ■ ■ ■ , Vt k ) € X^ and claim that c Sl ... Sk = for all 1 < Si < . . . < Sk < m with 
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{si,...,s fc } C {t 1} . . . ,t k }: For all a 1: ...,a k > Owe have 
= (/ - f){aiv tl + ■ ■ ■ + a k v tk ) 



I y ^ C Sl...Sfc 




\l<si<...<Sfe<m 








E 




l-<« 1 <...<8 J .<m 


i=l 


{si,...,Sfc}C{t 1 ,...,i fe } 





(OiU tl + . . . + OfcUtfc) 



\{r*j=ti}\ 



bi + ...+6 fe =fc 



where the last sum runs over non-negative integers hi that sum up to k. Now the claim 
follows from lemma [3~T5l □ 



Remark 3.16. It is clear that the intersection product of definition 3.13 is linear and that 
f ■ (g ■ X) = (/ • g) ■ X for two piecewise polynomials /, g on a fan cycle X. Furthermore, 
it follows straight from definition that / -X = 0if/eL PP k ^ 1 (X). 

Example 3.17. Let / e PP 2 (ii) be the piecewise polynomial on the tropical fan cycle 
L\ := max{a;, y, z, 0} • M 3 shown in the following picture. Let X be the corresponding 
fan structure of L\ having rays (-1,0,0), (-1,-1,0), (0,-1,0), (0,0,-1), (1,1,0), 
(1,1,1). 




/ g pp 2 (;t) c pp 2 (Lf) 



/ - 2x ■ * a - x ■ * 6 



3.12 



We want to compute / • L\. Therefore, we use the idea of the proof of proposition 
to obtain a representation of / as a sum of products of rational functions: We first make / 
vanish on the rays of X by adding appropriate (linear) multiples of the rational functions 
^ r (with r ray of X). Doing this we obtain / — 2x ■ ^ Q — x ■ ^b, where a = (—1,-1,0) 
and b = (1, 1, 1). Now it is easy to see that 



^3-2-*^. 



/ - 2x ■ * a - x ■ * fc = 
As an easy calculation shows that ■ L\ = 1 • {0} for all i (alternatively use lemma 4.7 1 



we obtain by definition 3.13 



and remark 



3.16 that = (-l + l + l-2)-{0} = -l-{0} 



Remark 3.18. Let X be a tropical cycle in the vector space V. Let p be a point in X. 
Recall that in |R] section 1 .6] the star Starx (p) is defined to be the tropical fan cycle in V 
associated to Star^(p), where A" is a polyhedral structure of X containing the polyhedron 
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{p}. That means Starx(p) is the fan cycle whose support consists of vectors v such that 
p + ev E \X\ for small (positive) e and whose weights are inherited from X. 
A piecewise polynomial / € PP fe (A) on a fan cycle X induces a piecewise polynomial 
jp £ PP fe (Starx(p)) obtained by restricting / to a small neighbourhood of p and then 
extending it in the obvious way to Starx(p). As / = £?_i Pi" * Vfc implies that f p — 
£i=i(Vi) p • • • (<fl) p , it follows from |r] proposition 1.1] that 

f p -Star x (p) = Star f . x (p). 

Our next aim is to use piecewise polynomials to define higher codimension cocycles on 
tropical cycles X. Prior to that we give a definition of (abstract) tropical cycles consistent 
with the definition of smooth tropical varieties in chapter 6 of [FR| (to which we refer for 
further details). Recall that a topological space is called weighted if each point from a 
dense open subset is equipped with a non-zero integer weight which is locally constant (in 
the dense open subset). A cycle X in a vector space can be made weighted by assigning to 
each interior point of a maximal polyhedra a E X the weight of a, where X is a polyhedral 
structure of X. 

Definition 3.19. An (abstract) tropical cycle is a weighted topological space X together 
with an open cover {Ui} and homeomorphisms 

(pi-.Ui^WiC \Xi\ 

such that 

• each Wi is an (euclidean) open subset of |Xj| for some tropical fan cycle (in 
some vector space) 

• for each pair i, k, the transition map 

<i>k o 4>i l ■■ faiUi n u k ) -> faiUi n u k ) 

is the restriction of an affine Z-linear map, i.e. the composition of a translation by 
a real vector and a Z-linear map 

• the weight of a point p E Ui is equal to the weight of <fii(p) in Xi (if both are 
defined). 



If all Xi can be chosen to be matroid varieties (cf. section 4 or [FR section 2]) modulo 
lineality spaces, then we call X a smooth tropical variety. Recall that in [FR definition 
6.2] a subcycle C of X is defined as a weighted subset of \X\ such that for all i the induced 
weighted set 4>i(C n Ui) agrees with the intersection of and a tropical cycle in Xi. 

Definition 3.20. Let A" be a fan cycle (in a vector space V) and U an (euclidean) open sub- 
set in | X | . A continuous function / : U —> K is called piecewise polynomial of degree k on 
U if it is locally around each point p E U a finite sum J^j {fp ° ?p) of compositions of (re- 
strictions of) piecewise polynomials /| E PP fe (Starjs:(p)) and translations Tg. We define 
f p E PP k (StaTx(p)) to be the (uniquely defined) sum of the /|. The group of piecewise 
polynomials of degree k on U is denoted PP k (U). Furthermore, L PP k ~ 1 (U) is the group 
of piecewise polynomials / (of degree fc) on U such that f p E L pp fe_1 (Starx(p)) for all 
P- 

We now generalise the notion of Cartier divisors (i.e. codimension 1 cocycles) introduced 



in | AR1 definition 6. 1] by using piecewise polynomials (instead of piecewise linear func- 



tions) as local descriptions: 

Definition 3.21. A representative of a codimension k cocycle on the cycle X is defined as 

a set {(Vufi), . . . , {V p , f p )} satisfying 

• {Vi} is an open cover of | X\ 
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(ff. ° Win*.) GLPP*- 1 ! 



• (fj ti^mnvj) e PP fe 0M^ n V})) for all i, j 

• ((/i - fk) o W^nv*) e LPP*- x (&(Ui n Vj n %)) for a11 *>i. fc - 

The sum of two (representatives of) codimension k cocycles {(Vj, fj)} and {(Vj£, /£)} is 
defined to be {(VjOVl), /j +/£)}■ We call two representatives of codimension fe cocycles 
{(Vj, /j)} and {(V^, f' k )} equivalent (and identify them) if we have for all i, s that 

where {(K S: g s )} := - {(^', /£)}. 

The group of codimension k cocycles on X is denoted C k (X). The multiplication of two 
cocycles can be defined in the same way as the addition; therefore, there is a graded ring 
C*(X) := ©fc 6 NC fe (X) called ring of piecewise polynomials. 

Example 3.22. For any cycle X, C 1 (X) is the group of Carrier divisors Div(X) intro- 
duced in ]AR1| definition 6.1]. 

Example 3.23. Vector bundles ir : F —> X of degree r on tropical cycles X have been in- 
troduced in |A2| definition 1.5]. A rational section s : X — > F with open cover U%, . . . , U s 
induces rational functions s,., := o^> i os : U — > K (cf. | A2 



definition 1.18]). Here the 



Ui x 



'•J — F i 

$i are homeomorphisms identifying 7r _1 ([/i) with fj, x W and the p)- 
are projections to the j-th component of W. For any k < r one obtains the cocycle 



Jk) . = 



<3l<---<3k<r "'31 



)} e C k (X) (see |A2 definition 2.1]) 



We are now ready to construct an intersection product of cocycles with tropical cycles. As 
cocycles are locally given by piecewise polynomials, the idea is to glue together the local 



intersection products of definition 3.13 



Definition and Construction 3.24. Let / = {(Vj, fj)} £ C k (X) be a codimension k 
cocycle on a tropical cycle X. For a point p in X we choose i, j such that p £ U H Vj. By 
definition (fj o (f\ 1 ) p £ PP (StarjsQ (<f>i(p)) is a piecewise polynomial on the star around 
</>i(p). Thus we can define the local intersection (fj o (f>^ ) ■ (X{ fl <f>i(Ui fl Vj)) by 

Star (/ 3 °0r 1 )-(^n0 l (;7 I ny J ))(^b)) := (fj ° 4*7% ' Star Xi (^(p)). 

As cf>k o (j)" 1 induces an isomorphism of the stars Starx 4 (^i(p)) and Staxx k (4>k(p))> the 
definition does not depend on the choice of open set [/j. 

We can glue together the local intersections to a subcycle f ■ X £ Zdi m x-k(X) of X: If 
p£ LT i nFjnF s ,then((/ i -/ s )o ( £7 1 ) p e LPP fc - 1 (Staxx 4 (^i(p)). Therefore, it follows 



by remark 3.16 that the local intersections agree on the overlaps. 

Remark 3.25. In the same way we can also intersect cocycles on X with any subcycle of 
X. Hence, definition |3.24| gives rise to an intersection product 

C k (X) x Z X (X) -> Z x _ k (X), (f,C)^f-C. 

Example 3.26. The following picture shows a cocycle / = {(VI, fx), (V 2 , f 2 )} £ C 2 (R 2 ), 



k (x-2f 


v 2 










(2/-2) 2 



R 
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with R = (-1, -1), Q = (2, 2). Note that forp = (t,t) with -1 < t < 2 we have 

{h~h)p = {h)p-{h)p = (max{x,y}) 2 -(min{a;,y}) 2 = (y+x)-m&x{x-y,y-x}, 



which is in L PP 1 (Star p (]R 2 )) (cf. definition 3.20 1; hence / is indeed a cocycle. As (fi)n 



is the piecewise polynomial of example 3.6 we conclude that the multiplicity of R in / • R 2 
is 1. We can deduce from an analogous argument for the point Q that / • R 2 = R + Q. 



As in the case of rational functions and Cartier divisors | AR1 proposition 4.7 and 7.6], we 
can pull back piecewise polynomials and cocycles along morphisms. 

Definition 3.27. If h : Y — > X is a morphism of fan cycles and / £ PP k (X) is a 
piecewise polynomial on X, then we define the pull-back h* / € PP k (Y) of / along the 
morphism h as h* f :— f o h. 

Analogously the pull-back h* f £ C k (Y) of a codimension k cocycle / = {(Vj, fj)} £ 
C k (X) along a morphism h : Y — > X of any cycles (cf. |FR| remark 6.5]) is defined to be 

{(h-^Jioh)}. 

Proposition 3.28. The following properties hold for cocycles f £ C k (X) and g £ C l (X) 
on a cycle X. 

(1) C k (X) x Zi{X) -> Zi_ k (X), (b,C)^b-C is bilinear. 

(2) / • (g ■ X) = (/ • g) ■ X = g ■ (/ • X). 

(3) / • (h*E) = h„{h* f ■ E) for a morphism h : Y — > X and a subcycle E ofY. 

(4) If X £ Zd(Vx),Y £ Z c {Vy) are cycles in vector spaces, then (/ • X) x Y — 
it* f ■ (X x Y), where it : Vx X Vy Vx maps (x, y) to x. 



(5) If D is rationally equivalent to on X [AR2 definition 1], then so is f ■ D 



If X and Y are smooth and C, D are subcycles of X, then intersection products and pull- 



backs f[FR definition 6.4 and 8.1]) have the following additional properties: 



(6) //£» = /• X, then D- X C = f ■ C. 

(7) Ifb is a cocycle on C, then (b ■ C) ■ D = b ■ (C ■ D). 

(8) If D = f ■ X and h :Y — > X is a morphism, then h* D = h* f ■ Y. 

Proof. We first notice that all statements except (5) can be verified locally (that means 
for piecewise polynomials on fan cycles). But the local statements are either trivial or 
follow directly from the respective property of rational functions ( ]AR1| 4.8, 9.6, 9.7, 
9.8], jFR] 4.5, 8.2]). Using (3) the proof of (5) is the same as the proof of | |AR2l lemma 
2(b)]. □ 



For the rest of the chapter we focus on cocycles on the cycle R". We use theorem 3.4 to 
establish a Poincare duality for this case: 

Theorem 3.29. For any n > k, the following is a group isomorphism: 

C k (R n ) -> z„- fe (r i ), />->■/• R". 

Proof. We first consider the corresponding local statement: Since every fan cycle in R" 
has a fan structure lying in a complete unimodular fan (|AR2 lemma 5] and [F, section 
2.6]), we can use theorem [3~4| to conclude that 

PP fe (R")/LPP fc " 1 (R") -> Z^ fe (R"), g- R" 

is an isomorphism. 

For the global case we start by proving the surjectivity. So let C £ Z n _fc(R") be an 
arbitrary subcycle of R™ and let C be a polyhedral structure of C. We choose an open cover 
{Vj} of R" and translation functions Tj such that Tj(C D Vj) is a tropical open fan (that is 
the set of intersections of the cones of a fan with an euclidean open set which contains the 
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origin, cf. |AR1 definition 5.3]) for all j. By the local statement we can choose for each 
j a piecewise polynomial fj whose intersection with K. n is the tropical fan associated to 
Tj(C n Vj). Then / = {(V^, fa o T d )} G C k (R n ) is a cocycle satisfying / • W 1 = C. By 
construction the difference of two of these local functions gives a zero intersection on the 
overlaps of two open sets, i.e. the local intersection (fj o Tj — fa o T k ) ■ (R n n Vi D V2) = 
0; therefore, the injectivity part of the local statement implies that the third condition of 



definition 3.21 is fulfilled and / is indeed a cocycle on 



The injectivity follows immediately from the local statement. □ 

Remark 3.30. Let Y be a codimension 1 fan subcycle of the fan cycle X and let y, X be 
simplicial fan structures of Y, X such that y is a subfan of X. It is easy to see from the 
definition of intersecting with rational functions in section 2 that finding a rational function 
ip which is linear on the cones of X and satisfies <p ■ X = y can be reduced to solving a 
system of linear equations with variables <p(v), v € X^\ Unless X = R™ these systems 
are in no way guaranteed to have a (rational) solution. In case that X = R n , 99 can also be 
found by inductively determine the linear functions ip a along a path of adjacent maximal 
cones of A" [FS proof of corollary 2.4]. 



Except in a few special cases (cf. remark 4.4 1, we do not have an algorithm to construct a 



concrete piecewise polynomial on R n which cuts out a given fan subcycle Y of codimen- 
sion greater than 1. 

4. COCYCLES ON MATROID VARIETIES 



In this section we analyse cocycles on smooth varieties. As mentioned in definition 3.19 a 
tropical cycle is smooth if its local building blocks are matroid varieties modulo lineality 
spaces (denoted by B(M)/L). 

Let M be a (loopfree) matroid with ground set E = {1, ... ,71} (see (ol for standard 
notation about matroids). Recall that we can associate a tropical fan B(M) to the matroid 
M in the following way: Let {e 1; . . . , e„} be the standard basis of R n . For each flat (i.e. 
closed set) F of M we set Vp = — J^ieF e *- The tropical fan B(M) consists of cones 

V Ft :Xi,...,* p -i>0,\ p €®\, 

where C F\ C . . . C F p _ x C F p = E is a chain of flats in M and all of the maximal 
cones have trivial weight 1. The associated tropical fan cycle is denoted B(M) and called 
matroid variety. Matroid varieties have a natural lineality space M. ■ (ei + . . . + e n ). 

The following theorem states that every subcycle of a matroid variety can be cut out by a 
cocycle. The idea of the proof is to delete elements of the matroid in order to make use of 
the R n case: If an element i of E is not a coloop, then the deletion of i [O, section 1.3, 
3.1.5] corresponds to a projection. This means that the push-forward of B(A/) along the 
projection 7r s ; : R." — > R 71 ^ 1 forgetting the i-th coordinate is equal to the matroid variety 




B(M \ {i}) corresponding to the deletion matroid |FR lemma 3.8]. 
Theorem 4.1. For any k < d :— dim(B(Af )/ L), the following morphism is surjective: 
C k (B(M)/L) -> Z d _ k (B(M)/L), f ^ / • B(M)/L. 

Proof. We first consider the case where L = {0} and {a} is a flat for every a € E. We use 
induction on the codimension of B(M): The induction start (B(M) = R") was proved in 



theorem 3.29 Let C be an arbitrary subcycle of B(M) of codimension k. After renaming 
the elements, we can assume that {1, . . . ,p} is the set of elements of E which are not 
coloops. For i G {1, . . . ,p} we set 

Co := C, Ci := Cj_i — TTjiTi^Ci-i, 
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where the 7r,; : B(M) — > B(A1 \ {i}) denote the projections forgetting the i-th coordinate. 
The induction hypothesis allows us to choose cocycles f € C k (B(M \ {«})) such that 
fi ■ B(M \ {i}) = -K iif Ci^\ for i £ {!,... ,p}. |FR| Lemma 9.3] implies that ir^Cp = 



for all i; thus C p = by |FR lemma 9.4]. It follows that 

C = ^<7r i »Ci_ 1 = $>*(/* • B(M\ {i})) = • B(M). 

As 7Tk : B(M) — »• B(M\ i?) is an isomorphism for R = c1m({o}) \ {a}, where c1m({o}) 
denotes the smallest flat in M containing the set {a}, this also implies the claim for arbi- 
trary matroid varieties B(M). 

Now let C be a subcycle of B(M)/L. Since B(M) = B(Af)/L xLwe can choose a co- 
cycle / with / • (B(M) /LxL) = CxL.lt follows that / • (B(M) /L x {0}) = C x {0}. 
Therefore, we can conclude that s* f ■ B(M)/L = C, where s : B(M)/L ->■ B(M)/ixi 
maps x to (x, 0). □ 

Remark 4.2. It follows in the same way that each fan cycle D E Zj" k (B(M )/L) is cut 
out by a piecewise polynomial / € PP fc (B(M)/L). 

Remark 4.3. An alternative proof (in the case of a trivial lineality space L = {0}) has 
recently been found by Esterov in [E corollary 4.2]. 

Remark 4.4. If N, M are matroids such that B(N) is a codimension k subcycle of B(M), 
then | |FR| corollary 3.6, proposition 3.10] gives a concrete piecewise polynomial / = 
ipi ■ ■ ■ <4>k € PP fc (B(M)) in terms of the rank functions r^,rjv of M,N such that / • 
B(M) = B(N): The rational functions (pi are linear on the cones of B(M) and satisfy for 
all flats F of M that (p l (V F ) = — 1, if r M (^) - ^(-F 1 ) > «, and ^(Vf) = otherwise. 



The rest of the section is devoted to show that the (surjective) morphism of theorem 4. 1 is 
an isomorphism in some cases. Unfortunately, so far we have not been able prove this in 
general. 

Proposition 4.5. Let d := dim(B(M)/£). Then the following is an isomorphism: 
PP 1 (B(M)/L)/LPP°(B(Af)/L) ^ an 1 (B(M)/L), / h> /• B(M)/L. 

Proof. It remains to prove injectivity. We can assume without loss of generality that {a} 
is a flat in M for every a G E. Let if be a rational fan function with (p ■ B(M) = 0. The 
star Stars(M) (p) around each point p in the relative interior of a maximal cone of B(M) is 



isomorphic to R dlmB ( M ); therefore, the locality of the intersection product (remark 3.18 i 
and the K." case (theorem |3.29[ ) imply that ip is linear around p. We can thus assume that p 
is linear on the cones of B(M), It is sufficient to show (by induction on the rank of F) that 
ip(Vf) = J2o,gf fC^a}) f° r a U f ats F °f M. The claim is trivial for flats of rank and 1. 
For a flat F of rank i > 2, we choose a chain of flats = F C F x C . . . C F 4 _ 2 C F C 
-Fi+l 5 ■ ■ ■ 5 -Fr(M) — -^i where each has rank j. The corresponding codimension 1 
cone t has has weight 

= ^ V g) ~ <P{V F ) - (|{G : flat in M, Fj_ 2 CGC F}\ — 1) ■ ^(y Fi _ 2 ) 

G : nil! in M 
Fi_ 2 C G C F 

in y> • B(M) = 0. Therefore, the claim follows by induction. The B(M)/L case is an 
immediate consequence of the B(M) case. □ 

Proposition 4.6. Let X be a locally irreducible fan cycle of dimension d which is con- 
nected in codimension 1 (i.e. any two maximal cones are connected via a sequence of 
maximal cones such that the intersection of consecutive cones has codimension 1). Then 

PP d (X)/LPP d " 1 (X) Z f Q in (X) = Z, f^f-X 
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is an injective morphism of groups. As matroid varieties modulo lineality spaces are locally 
irreducible and connected in codimension 1 ( this follows from | |FR| lemma 2.4]), the above 
is an isomorphism of groups if X = B(M)/i. 

For a proof we need the following two lemmas: 

Lemma 4.7. Let X be a unimodular fan structure of a fan cycle X of dimension d. Let 
a G X be a maximal cone. Then ^ a ■ X — lo x (o~) • {0}. 

Proof. Let vi, ■ . ■ , Vd be the primitive integral vectors generating the rays of a. It follows 
from the definition of and the intersection product with a rational function that the 
weight of the cone {v%, . . . Uj-i) in • • • 9 Vd ■ X is equal to the weight of (vi, . . . Vi) in 
& Vi+1 ■ ■ ■ ^ Vd • X. This implies the claim. □ 

Lemma 4.8. Let X be a unimodular fan structure of a fan cycle X of dimension d. Let 
01, 02 £ % having a common face t G X^^ 1 '. If X is locally irreducible then 

u x {°i) • * CTl - u) X (ai) ■ * CT2 = I ■ * T , 

for some linear function I on X. 

Proof. Let 03, ... ,o~k > t be the remaining maximal cones in X adjacent to r. Let 
vi, . . . , Vd-i,wi, ... ,Wk be the primitive integral vectors such that r = (v%, . . . , v^-i) 
and g 1 — (vi, . . . , Vd-i,Wi). As 

WAr(<r 2 ) • - u x {o x ) ■ V a2 = * r ■ {u x (a 2 ) ■ V W1 - wx(cri) • *«, 2 ), 

we need a linear function I satisfying 

= u x {<j 2 ) ■ l\a 2 = -oj X (<ti) ■ ($w 2 )\(t 2 and = for % > 3. 

The local irreducibility of X implies that v%, . . . ,Vd, W3, . . . , wj~, Wi are linearly indepen- 
dent. Thus there exists a linear function I such that l(wi) = uj x (a 2 ) and l(v) = for 
v G {vi, . . . , Vd-i,W3, . . . , Wfe}. By the balancing condition l(w 2 ) = — w x (ai); hence Z 
satisfies the above conditions. □ 



Proof of proposition 4.6 Let / G PP (X) with f ■ X = 0. We choose a unimodular 
fan structure X of X such that / G PP d (A"). Then there exist a a G Z such that / = 



Eo-e^W a ^ ' in PP W/LPP W. Fix a maximal cone a e X. Since A" is 

that = Uxl f\ ■ WZ for all maximal 

implies that / = 0. □ 



connected in codimension 1 it follows by lemma 

saGXW a " ' u x (a) 



cones a. Hence / = ( J2 a &xW a ° ' ZjfM ) and lemma 



4.8 



4.7 



We can prove the following corollary in a similar way as theorem [3. 29 1 

Corollary 4.9. Let X be a smooth tropical cycle and k G {1, dimX}. Then the following 
is an isomorphism of groups: 

C k {X) -> Z dimX _ k (X), f^f-X. 



Proof. The injectivity follows directly from the local statement (proposition 4.5 resp 4.6 1. 
Let C G Zdimx-k(X). We choose an open cover {V/} of X such that for all i,j we 
have V? C ZT, and the weighted set </>j(C (1 corresponds to (the translation of) an 
open tropical fan in <pi(VP). As the tropical fan associated to 4>i(Vf) is a matroid variety 
modulo lineality space, the local statement ensures that we can find piecewise polynomials 
ft G PP k (UK 3 )) cutting out n VP). Then / = {(V? , ft ° 4)} G C k (X) is a 
cocycle with / • X = C. As in the proof of theorem 3.29| the difference of two of these 



local functions gives a zero (local) intersection on the overlaps of the open sets, so by the 
local statement / is indeed a cocycle. □ 
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Remark 4. 10. Proving the injectivity of 

>k /'TO / 71 J \ I T \ / T TJTjk — 1 /"T> / 71 f\ I T \ ^ ryitm 



PP fc (B(M)/L)/LPP fc - i (B(M)/L) Z^ B{M)/L _ k (B(M)/L) 



is all that remains to be done in order to generalise corollary 4.9 to arbitrary codimensions 
k. Note that we also needed the injectivity of intersecting with piecewise polynomials to 
prove the surjectivity in the preceding proof. 

We conclude by using corollary |4.9| to pull back points and codimension 1 cycles along 
morphisms with smooth targets. This could prove useful in enumerative geometry where 
point conditions are often described as pull-backs of points along certain evaluation mor- 
phisms (cf. eg. |GKM definition 4.2]). Pull-backs of points are also crucial to define 
families of rational curves over smooth tropical varieties as morphisms of tropical vari- 
eties (with smooth target) all of whose fibers are smooth rational curves (plus two more 
technical conditions) in [FH definition 3.1]. 



Remark 4.11. Let C be a codimension k subcycle of a dimension d cycle Y satisfying 
C k (Y) = Z d -k{Y). Let h : X -> Y be a morphism. We can define the pull-back of C 
along h to be h* C :— h* f ■ X , where / is the (unique) cocycle satisfying / • Y = C. If 
X and Y are smooth, this coincides with the pull-back of cycles defined in [FR definition 
8.1]. Furthermore, pull-backs defined in this way clearly have the properties listed in 



|FR example 8.2, theorem 8.3]. In particular, we can define pull-backs of points and 



codimension 1 cycles if Y is smooth, as well as pull-backs of arbitrary cycles if Y = 
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